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Terminology and Introduction
For notation and graph theory terminology, we in general follow Haynes, Hedetniemi and Slater [6] . Specifically, let D be a finite digraph with neither loops nor multiple arcs (but pairs of opposite arcs are allowed) with vertex set V (D) = V In this paper we continue the study of double Roman dominating functions and double Roman domatic numbers in graphs and digraphs (see, for example, [1-5, 7, 9, 11] ). Inspired by an idea of the work [4] , we defined in [5] Our purpose in this work is to initiate the study of the double Roman domatic number of a digraph. We first present basic properties and sharp bounds for the double Roman domatic number of a digraph. In addition, we determine the double Roman domatic number of some classes of digraphs.
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Properties of the Double Roman Domatic Number
In this section we present basic properties and bounds on the double Roman domatic number.
Moreover, if we have the equality
, then the two inequalities occuring in the proof become equalities. Hence for the DRD family {f 1 , f 2 , . . . , f d } on D and for each i,
Example 4. Let p, n be integers with 1 ≤ p ≤ n − 1. Let H be the digraph of order n with vertex set {v 1 , v 2 , . . . , v n } such that H[{v 1 , v 2 , . . . , v p }] is isomorphic to the complete digraph K * p , there exist all arcs from {v 1 , v 2 , . . . , v p } to {v p+1 , v p+2 , . . . , v n } and all arcs from v p+1 to {v 1 , v 2 , . . . , v p }. Then δ − (H) = p and thus d dR (H) ≤ p + 1 according to Theorem 2. Define the functions
} is a double Roman dominating family on H and thus d dR (H) ≥ p + 1 and so d dR (H) = p + 1 = δ − (H) + 1. This example demonstrates that Theorem 2 is sharp.
Proof. Let X, Y be a bipartition of D. Define the functions f, g : V (D) → {0, 1, 2, 3} by f (x) = 3 for x ∈ X and f (y) = 0 for y ∈ Y and g(x) = 0 for x ∈ X and g(y) = 3 for y ∈ Y . Since δ − (D) ≥ 1, we observe that f and g are DRD functions on Following an idea of Zelinka [10] , we prove a lower bound for the double Roman domatic number.
.
Hence one can take any ⌊n/(n − δ − (D))⌋ disjoint subsets of V (D), each of cardinality n − δ − (D). Each of these subsets is a DRD function on D, and this leads to the desired result. Proof. If D is isomorphic to the complete digraph K * n , then Theorem 7 implies
The next example will demonstrate that Proposition 9 is also sharp for each p with 1 ≤ p ≤ n − 1. Theorem 11. Let D be a digraph of order n ≥ 2 and let k be an integer with
According to [5] , we can assume, without loss of generality, that no vertex of f i is assigned the value 1. In [5] , the authors show this for γ dR (D)-functions, however, the same proof works for each DRD function. Since ∆ + (D) ≤ (n − k)/(k − 1), we observe that f i (x) ≥ 2 for at least k different vertices for each i ∈ {1, 2, . . . , d}. Example 12 shows that Theorem 11 is sharp for k = 2.
Example 13. Let p ≥ 3 be an integer. If K * p,p is the complete bipartite digraph,
Proof. Since p ≥ 3, it is straightforward to verify that γ dR (K * p,p ) = 6. Thus
Example 13 demonstrates that Theorem 1 is sharp, and that Theorem 11 is sharp for k = 2.
Example 14. If C n is an oriented cycle of odd order n, then d dR (C n ) = 1.
Proof. Let k = (n + 1)/2 in Theorem 11. Then ∆ + (C n ) = 1 = (n − k)/(k − 1) and therefore Theorem 11 implies that
Nordhaus-Gaddum Type Results
Results of Nordhaus-Gaddum type study the extreme values of the sum or product of a parameter on a graph or digraph and its complement. In their classical paper [8] , Nordhaus and Gaddum discussed this problem for the chromatic number of graphs. We establish such inequalities for the double Roman domatic number of digraphs.
The complement D of a digraph D is the digraph with vertex set V (D) such that for any two distinct vertices u, v the arc uv belongs to D if and only if uv does not belong to D. As an application of Theorem 2 we will prove the following Nordhaus-Gaddum type result.
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Corollary 8 leads to
, and therefore equality in Theorem 15. For some special digraphs we can improve Theorem 15.
and if n is odd, then
Proof. It follows from Theorem 11 for
then it follows from Corollary 8 and Example 13 that
. This example demonstrates that Corollary 16 is sharp for n even.
Example 18. Let n = 2r + 1 for an integer r ≥ 1. We define the circulant tournament T (n) of order n as follows. Let {u 1 , u 2 , . . . , u n } be the vertex set of T (n), and for each i, the arcs go from u i to the vertices u i+1 , u i+2 , . . . , u i+r , where the indices are taken modulo n. Note that T (n) is r-regular. Applying Theorem 11 for k = 2, we deduce that d dR (T (n)) ≤ r. Now define the function f i : V (T (n)) → {0, 1, 2, 3} by f i (u i ) = f i (u i+r+1 ) = 3 for 1 ≤ i ≤ r and f i (x) = 0 otherwise. Then f i is a DRD function on T (n) for 1 ≤ i ≤ r such that f 1 (x) + f 2 (x) + · · · + f r (x) ≤ 3 for each x ∈ V (T (n)). Therefore {f 1 , f 2 , . . . , f r } is a double Roman dominating family on T (n) and thus d dR (T (n)) ≥ r and so d dR (T (n)) = r.
Since T (n) is also a circulant tournament, we observe that d dR (T (n)) = r and thus d dR (T (n)) + d dR (T (n)) = 2r = n − 1. This example shows that Corollary 16 is sharp for n odd too.
Bounds on
In this section we make use of the following known results.
Proposition 19 [5] . If D is a connected digraph of order n ≥ 4, then γ dR (D) ≤ 2n − 2.
Proposition 20 [5] . Let D be a connected digraph of order n ≥ 2. Then γ dR (D) = 3 if and only if ∆ + (D) = n − 1. 
Let now d ≥ 2. According to Corollary 3, we have 2 ≤ d ≤ n. Theorem 1 implies that
Using these bounds and the fact that the function g(x) = x+(3n)/x is decreasing for 2 ≤ x ≤ √ 3n and increasing for √ 3n ≤ x ≤ n, we deduce that
Since n ≥ 5, we obtain
and the proof is complete.
Since γ dR (C 4 )+d dR (C 4 ) = 8, γ dR (C 3 )+d dR (C 3 ) = 6 and γ dR (C 2 )+d dR (C 2 ) = 5, we observe that Theorem 21 is not valid for 2 ≤ n ≤ 4 in general. 
Proof. According to Corollary 3 and Theorem 5, we have 2 ≤ d dR (D) ≤ n. Now we obtain the desired bound analogously to the second part of the proof of Theorem 21. 
